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To solve boundary-value problems for elliptic equations, the boundary analogue of the method of least squares is replaced by a
boundary analogue of the collocation method. The change is made using a discrete representation of the scalar product in the
spaces of functions which, in the case of a smooth boundary, are integrable with their square over the boundary of the region,
and of functions which, in the case of a piecewise-linear boundary, are integrable with their square, when weighted, over the
boundary of the region. The method used to choose the collocation points which ensure the collocation method to be stable is
justified for the case of the Dirichlet problem. © 1998 Elsevier Science Ltd. All rights reserved.

The use of a boundary analogue of the method of least squares to find the coefficients of the expansion
of an approximate solution of a boundary-value problem in series of powers of global basic functions
was considered in [1, 2] and proved to be stable for the Dirichlet problem in regions with smooth and
piecewise-linear boundaries.

This has a number of advantages over existing methods. It allows a reduction of one in the Euclidean
dimension of the problem and does not require discretization of the region, which leads to a simpler
algorithm and has advantages in the case of problems with changing boundaries. The method yields
systems of linear algebraic equations with a well-conditioned matrix. Among its drawbacks is the fact
that there has been little research on the relation between the rate of convergence and the smoothness
of the boundary. The range of problems to which the method can be applied is restricted to boundary-
value problems for linear elliptic differential equations with constant or polynomial coefficients.

The method devised in [3] combines an exact solution in blocks with an approximate solution found
on the boundaries of blocks which cover a polygonal region.

1. THE BOUNDARY ANALOGUE OF THE METHOD
OF LEAST SQUARES

The method used to solve boundary-value problems for elliptic differential equations in [1] involves
expanding the solution in powers of global basis functions of the kernel of the differential operator. It
leads to a boundary-value problem for a homogeneous differential equation with a corresponding non-
homogeneous boundary condition

Lu=0, xeQ, QCR% lur=h(), yeT (1.1)

where I' = 6Q is a Lipschitz boundary, L is an elliptic differential operator with constant coefficients
and ! is a boundary condition operator. The approximate solution ™ of problem (1.1) is sought in
the form

N
uPMx)=Y aMy,(x), xeQ y,(x)ekerL (1.2)
k=1

Here and in Sections 1 and 2 belowk = 1,...,N.
The coefficients af™ can be found using a boundary analogue of the method of least squares (BAMLS)
[4] from the condition

min 1™ - hii% (1.3)

a4,d2,...dy
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Here V(I') is a real Hilbert space in which the norm is generated by the scalar product (-, -)y(r).
Condition (1.3) leads to a system of linear algebraic equations

GMaW) = pV (1.4)
where the vectors a®, h® have elements a{™, h{¥) = (&, lyi)vr), respectively, and G™ is the Gram
matrix of the first N elements of the system ¥ = {y, ..., ¥y, ... } in Hilbert space with the scalar

product (I, 1)y,

In most cases the system ¥ turns out to be non-orthogonal, and so the main issue is the stability of
the method. The stability of the BAMLS, as defined in [5], depends only on the properties of the system
¥ in the corresponding Hilbert space. A necessary and sufficient condition for the BAMLS to be stable
is that the system ¥ must be strongly minimal in a space with scalar product (I, I-)yr), or in other words
that there should be a positive number X for which

Ao < Apin(G™), VYNe N
where Ayin(G™) is the smallest eigenvalue of the matrix G™ [5]

Remark 1. If L is an elliptic differential operator with polynomial coefficients, a system of polynomials which
satisfy a homogeneous differential equation can be constructed.

2. THE TRANSITION TO THE BOUNDARY ANALOGUE
OF THE COLLOCATION METHOD

Let Q C R4 T = 0Q, V(T) = L(I'). We will consider the transition from the BAMLS to a boundary
analogue of the collocation method based on the use of quadrature formulae. The elements of the matrix
G™ are defined by the expression

1
G =ty by )y r = | Wi (), X (sHIY ;(x,(5), X2 (s))dT(5) eAY
0

Here and everywhere below, unless otherwise stated, i,j = 1,..., N.
Let dI'(s) = y(s)ds, y(s) € C*([0, 1]), hyi(xi(s)) € C*([0, 1]). Applying the Gauss quadrature
formula with N nodes s{ e [0, 1] and coefficients A{" to (2.1), we obtain

N
Walvor = 3 AP ™), B0, o688 22)
k=1
where 3B is the error of the quadrature formula.
We now introduce the notation
= x "), A =n6", A =), WY =16
Then the system of linear equations of the method of least squares (1.4) can be put in the form
(B(N) + SBW)aW) = bV 4 Sh™ (2.3)

where the elements of the matrix B™ and the vector h®™ are
N
N N)o(N N N N (N N )
Bi(j = kZl \}AIE My )lWi(xl(k ), x;k))vA,ﬁ % )l‘l’j(xl(k 2

N
BV =3 A G, 1R
k=1
and Shf.N) is the error of the quadrature formula in calculating the right-hand side of the system
when the method of least squares is used. We note that the matrix B®) can be written in the form
B™ = KM[KM)T, where the elements of the matrix K™¥) have the form

K =AYb (h], 25 (24)
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We will denote by u(M) the condition number of the matrix M with respect to the second matrix
norm: p(M) = || M |, || M" ||, We know [6] that

uBMy=p2 (KM, ICRM Ty, = 4 BM) (2.5)
Let a®™ denote a solution of system (2.3) and let a®™ denote a solution of the system
BMa®™ = htV (2.6)

A theorem which gives the sufficient conditions for convergence can be obtained from the relation [5]

3
CA 2, (GMISBMIL, +47L (G Sh M,
1- AL (GMHsB M,

natM —aMy, < (2.7)

Theorem 1. Let the system W and the quadrature formula used for the approximate computation of
the integral (2.1) be such that

lim (A5 (GYMEBM I, 1=0,  Tim [A7, (G™)I8h ™M1, 1=0
N-yoo N300

Then limy_,, [| & - a® |, = 0.

Remark 2. For strongly minimal systems, it is sufficient that

lim|N max 18B{V1[=0, lim|N max 184{™1|=0 (2.8)
Noeod  ij=12...N Y Noved  j=12,.,N

This follows from the estimate || - ||,.

The quantities SB,(J.N) and Sh](’v) are the errors in using the quadrature formulae for integrating functions of the
form Dy (xy(s), x2(5))wi(x1 (5), x2(s))v(s) and A(y(s))/wj(x1(s), x2(s))(s), respectively over the segment [0, 1]. The
rate of convergence of the quadrature formulae depends on the order of smoothness of the integrands. Thus, if [7]

2 [y (51 52O, X2V LipO.1D
(2.9)

2 (MY 01 (5), (DY LipQOID

where Lip([0, 1]) is the class of functions which have Lipschitz properties on [0, 1], conditions (2.8) are satisfied.
Remark 3. Condition (2.9) is satisfied if y; (xy,x;), Wa(x1,X2), . . . , A(y) and y(s) are infinitely-differentiable functions.
Consider the system of functionals .

)
Wi (y) = [ w(s)w;(s)y(s)ds (2.10)
0
We will find the coefficients of series (1.2) from the condition [4]
N
wj(z a;”’twk-h)=o (2.11)
k=1

We choose functions wi(s) in (2.10) for which (2.11) is a system of linear algebraic equations in a™)
with matrix K™ defined ﬁy (2.4). We put

Wil (5) = AN 1 y(5)8(s - sV) (2.12)

where 8(-) is the delta function and s}N) are the nodes of the quadrature formula. Then system (2.11)
can be written in the form

(K™ a™ =p®W (2.13)
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The elements of the matrix K" are defined by formula (2.4), and the elements of the vector h™™ are
—(N)
B = ") APy (214)

The solution of the system for the collocation method (CM) (2.13) is the same as that of (2.6) and
converges in a Euclidean norm, as N -» o, to the solution of (1.4). We have thus found basis functions
for which the collocation method converges.

Remark 4. The matrices B™ and 8B™) are Hermitian, and it thus follows from Weyl’s theorem [6] that
A max (GN) = Aoy BIIUSBMly, 12y (GN) = A i (BN SBM,
But as || 8B™ ||, — 0 from (2.5) we have

lim pK™17)= lim ,/u(c‘”))
N-3o0 N-oo

Remark 5. If n > 2, the transition to the boundary analogue of the CM is made using cubature formulae. The
results are similar to those forn = 2.

3. THE DIRICHLET PROBLEM IN REGIONS
WITH SMOOTH BOUNDARIES

Let Au = 0and Q C RL T = 6Q, ujr = h(y),y € I'. We take ¥ to be the system
{1,Rez, Imz, Rez?, Imz22,...}, z=x; +ix;

The convergence of the BAMLS with respect to system (3.1) and its strong minimality are proved
in [1]. Let the boundary of the region Q be given parametrically: I' = {(x;, x2)lt; = x;(s), X5 = x5(5),
s € [0, 1]}. If the functions x,(s), x2(s) € C*([0, 1]), then the system of linear algebraic equations of the
CM with weight functions (2.12) is solvable for any order of approximation, the CM converges, and
Remark 4 regarding the condition number of the matrix of the system applies.

4. THE DIRICHLET PROBLEM IN REGIONS WITH
PIECEWISE-LINEAR BOUNDARIES

We now consider the Dirichlet problem in the region Q C R? with a piecewise-linear boundary T".
In this case

r=yr, (4.1)

where Iy, = {(x1, X)X, = Xp(8) =S + by 7 = 1,2, 5 € [Si Spua1]}-
We shall assume that s € [0, 1] and, therefore

L-1
Uo (Sms Smar }=10:1]

Let na,, be the interior angles of the region Q at points (x;(s,), x2(s,)) (m = 1,. .., L). We introduce
a Hilbert space with weight L,(T'; p), where

p(s)= ﬁ [(Xl(s)—x\(s,,))z +(x2(s)—x2(sm))2]"“""l

m=0

In [1] we proved that system (3.1) is strongly minimal in L,(I'; p), we considered how to use the BAMLS
to find an approximate solution of the Dirichlet problem, and we gave an error estimate analogous to
the Runge estimate for the scalar product computed over the boundary.

In order to construct the basis functions of the CM for which the system is solvable and the method
converges, and which also give some indication of how the condition number of the matrix of the system
of linear algebraic equations of the CM behaves, we write an expression for the scalar product in L(T; p)
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(Wi:VWj)arp = =] yi(x(s), x(SNW(x1(5), x2())p(s)Y(s)ds =
0

L |8 Ve, ~1
= 3 3 Wi i) Xam ()P ()5 = 5,)"%7 1, (5)ds +

m=0

62m
+ [ W (xm(8) Xom() P (S)Ym(s)ds +

olm
+€"'I*l\|l,,(x|m(3), Xam () P (S = )1y, (S)dS} (42)

2m

Pu(S)=P(S), S <5< Spus Pim(8)=Puls)/ (s=5,)"%"
Pam() = P (5} (g — )01~

Ym(S) =8l +@hs Sy <Oy <62 < Sy

Vi Xy ()r X2 () = Wi (X1 () Xam (W (X1 (s Xz ()

The unweighted Gauss quadrature formula is used on [0, 85, ], and the Gauss quadrature formulae
with weights (5 — 5,,)"* 1 and (5,41 — 5)/%m+17L, respectively, on [s, O1m] and [0, Sy 41]- Then (4.2)
can be written in the form

(Wi’\Vj)Z.l';p {t Cln wu(x!lm'x'llmn)plm(s]mn)Ym(slmn)+

m—O

N,
+7§l C¥" Y 5 (Ximms %20 ) s (Srun )Y (S ) +

N-
+ f Cz”f""l’,, (XIan +X22mn )p2m (s2mn )YM (s2nu| ) + leu + R:l,; + Rg}l:" } (43)

n=]

where sy, Cl,, = are the nodes and coefficients of the Gauss quadrature formula with weight
s - s,,,)l %l (n=1,..., Nim), Sy Chm are the nodes and coefficients of the unweighted formula
(n = <.y Np), and Somns CZ,,Z'" are the nodes and coefﬁc1ents of the formula with weight

(Sm+1 _S)I/QMH—I (n=1,..., Ny, anmn = xrm(sqmn) (n= .- ) Xomn = Xm(Smn) (0 =1, .. .,

Noirng=1,2m=0,...,L,where 35_o(N,, + Ny, + Nz,,,) = N equal to the number of bas1s
functions. We will refer to the POINTS X1 1,15 X1mms X12mn 8S X1z, the POINLS X21ms X2mns X22mn A8 X2 and the
POINtS S1mns Syns Somn @S Sg, and write Eq. (4.3) in the form

N
(V¥ ary = 2 DMy (P, VPGV )y (s ) + RV

Pim(Simn)» for k corresponding to (1,m,n)
P(sy) =14 Pu(Smn), for k corresponding to (m,n)
Pam(Samn)> for k corresponding to (2,m,n)

Cl¥im, for k corresponding to (1,m,n)
DM ={C¥n . for k corresponding to (m,n)
Cyam, for k corresponding to (2,m,n)

R{™ = z [Rigs + Ro + Ry
=0
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In this case, for the system of linear equations (2.3)
BV = K(N)[K(N)]T
K = \/ DEMY(sEMYPEEM (Y x8)0) (4.4)

N
K = 3 DR x5 e
k=1

and 8B§f’) = R, sh™ are the errors of the quadrature formulae. We select the weight functions in

2.10)as
D(N)P (N)
w,-(s)=1/———-—-———’y(m(:;) )S(s—s§’w) 4.5)

and obtain a system of linear equations (2.13) in which K™ is defined by formulae (4.4), and the elements
of the vector of the right-hand side are given by the formula

R = (s W DMy )P, =1, N

Let a®, a® be solutions of system (2.3), (2.6) for (4.4). We note that ™ is the same as solution
(2.13) for (4.4). If in (2.7) we denote the Gram matrix of the first N elements of the system {y;};=; 5 ..
in L,(T; p) by G™, the sufficient conditions for the CM to converge are obtained. The strong minimality
of system W in L,(T; p) has been proved [1].

Conditions (2.8) will be sufficient for the CM to converge. Consider the first limit of (2.8). Since

SB,S,-N) = Rfjm, we have

L L
lim { Y, (N, + Ny, +Nyp) }:o (RS + Rigim + R;',;’,g,.-o]} =0
m=l

N m=0

We require
L
Nm =§mN’ Nlm=EdmN’ N2m =§2mN' ;0 (§m+§lm+§2m)=1 (46)

Since the function P(s) is infinitely-differentiable, and the functions x(s), x,(s) are piecewise-linear
along each integration segment, the first condition of (2.8) applies. If

gs.[h(y(s))l € Lip([5n -8y )

L H(y()] € Lip(B1m, 830 @

%[h(y(S))] € Lip([8, St )

the second condition of (2.8) also applies. This yields the following theorem.
Theorem 2. If conditions (4.6) and (4.7) are satisfied, then

lim 1a®™ -aMn, =0
N->e0

It has been established that the CM converges. A similar comment to Remark 4 can be made regarding
the condition number of the matrix of the system obtained by the collocation method.

The choice of the points 6,,, (r = 1,2,m = 0, 1, . .., L) between segments on which the weighted and unweighted
quadrature formulae are applied is important. It is better to choose them so that the integration errors on each
of the segments [$,n, O1ml; {B1ms O2m)s [O2m» Sm+1], m = 0,1, ..., L are of the same order. The estimate obtained



Use of boundary analogue of collocation method to approximate solutions in mechanics 595

on the basis of the Runge estimate in [1] is invalid, because it cannot be assumed, as the number N of basic functions
increases, that the respective derivatives of the inte§rands on each integration segment are constant. This is because
the basis functions of system ¥ have the form: [x“(s) + y2(s)]"/2cos ky(s), [F%(s) + yX(5)]? where k = 1, 2, .

N/2 and y(s) is the angle between the radius vector of a point on the boundary (x(s), y(s)) and the Ox axis. As N
increases, they will oscillate over the integration segments.

We define the points 8,,,, r = 1,2,m =0, 1, ..., L) to give equal error estimates of the quadrature
formulae in each of the intervals [s,,, 81,1, [O1ms O2m)s [O2ms Sm+1] (m =0, 1, ..., L). We put F(s) =
Wij(X1m(8), X2(5)) and consider the integral

Smal L)) 8 By
T Fs)p(syds = [ F(s)pym(s)s—sp)Prds+ | F(s)py(s)ds+

Sm Sm O1m

Sm+1
+ T F()Pym(8)(Smi -—:;)B""'l ds, B, = a;' -1, k=mm+1 (4.8)
02m

Let Riim RNm RiNom be the errors of the Gauss’ quadrature formulae for the integrals on the rxght-
hand side of (4 8) where the first and third integrals are found using weights (s — )P,
Sm+1 — s)P=*1 of orders Ny, and N, respectively, and the second using unweighted formula of
order N,,. Then [7]

2N,

9 "
I T w3 (sds (4.9)

0lm

IRNm 1<

[F(s)p(s)]

max
(2Nm )! se(Olm :92m

where @y, () is the root polynomial of the unweighted Gauss quadrature formula. Calculating the
derivative of order 2N,, of the integrand F(s)p(s)

2Ny

Nm (2N, . .
ij [F(s)p(s)]= ):[ j"]F‘z”m‘"(np‘”(s),

j=0

)= % (k) e)> (f)(“”"ﬂﬁlbﬁ’:;:’(s—s,.)”m‘%sm, S

B[']_B (Bm B —t+1)

and also introducing the notation

= (’)sl F= s IFY s
P=, A o $UR PR O Sy 17

J€[0,2Ny] Jel0.2N,,]

BB S o
=0\ J Jk=0\k)i=0

n

from (4.9) we obtain

Sp S

n Oim S %

m+}]

Fig. 1.
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N,
| Rm'" £ pFKm maxk"lze(O,sz] supse(elm'eZm) \Pm (S, A’l . lz)

(2N,)!
¥, (5. hp Ag) = (s =5, PN (s, — s)Pmeth2
We introduce the notation

* PBms1 - }‘Z)ﬁn_ﬂ + B~ A)sy
" B +Bmsr —A -4y

and note that (¥,,,) s(Sm, A, A2) = 0for A; + 4, # B, + Bm+1. Since the internal angles of the boundary
I" of the region Q lie in the range (0, 2r) we have a,, € (0, 2) and §,, € (-1/2, +x).

We will consider the behaviour of the function ¥, in the segment [0,,,, 82,,] and the position of the
point s}, relative to points 08y, 0,,, in three cases (Fig. 1): when B,, — Ay <0, B,,41 — X > 0 (curve 1),
‘an € [elsm 62m]’ ﬁm - )"1 > 0’ Bm+1 - )"2 >0 (curve 2) and an & [elm’ eZm]a Bm - }"l >0, Bm+] - }"2 >0

curve 3).

For these cases, the estimate of the error when evaluating the second integral on the right-hand side

of (4.8), using the unweighted Gauss quadrature formula, is

S,

|RA™I< PFK Ty Xm®1m:O2m) / 2N,)! (4.10)
1, for Bm >0, Bm+l >0
h?n':'-z"'"» for Bps1 >0, B, —2N, <0

X By m»O2m) = max hg;,lu—w,.., for B,, >0, Bpsy —2N,, <0

c for B,, ~2N,, <0, By —2N, <0

m?
om = max{hF,;',"ZN"' (Em )Bmﬂ"sz , hg;l:l‘ZNm (Em )Bm—ZNm }

hlm =elm ~Sps h’lm = Sm+l —62,", Em =(sm+l —sm)lz

T, = (N, )P IEN, PNy + DI (Sat — Sm )2 Nm+1

The error estimates for the first and third integrals on the right-hand side of (4.8) can be obtained
in the same way.

By equating the resulting estimates, we obtain the points 6,,, 8,,, between the segments of integration
for the weighted and unweighted Gauss formulae. We can then find the nodes of the weighted and
unweighted quadrature formulae and, using (4.5), obtain a CM with the stability property which gives
a sequence of approximate solutions converging to the exact solution.

— =]
“—~ ———u=07
7 4> —u=01
—_——u=2.1
\! ) H ——u=13
A 4

Fig. 2.
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5. APPROXIMATE SOLUTION OF THE SAINT-VENANT PROBLEM OF
THE TORSION OF ELASTIC PRISMS

Let Q be a simply-connected region occupied by the section of a prism, and let the boundary ' = 5Q be defined
by (4.1). Solving the Saint-Venant problem reduces to finding a function u, which is harmonic in ©, and on I satisfies
the condition

wlp (xp,x2) = 32 +x3)/2, (x,x) €Tl

We shall seek an approxnmate solution of the problem in the form of a finite series (1.2), where y, are functions
of system (3.1). We find a™, the coefficients of the series (1.2), 1¥) applymg to (2.10) the boundary analogue of
the collocation method with wexght functions (4.5). The vector a1 M is a solution of (2.13).

The calculations were carried out for various polygonal reglons The level lines of the function u and the
collocation points (denoted by small circles) are shown in Figs 2 and 3. Figure 3 shows only one-quarter of the
region, in view of its symmetry. There are as many basis functions of system (3.1) as there are collocation points.

The calculations performed for a large number of basis functions (=90) for the region shown in Fig. 3 gave no
indication that the method was numerically unstable.
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